Abstract. We study the diffusion of massive particles in the space time of an Abelian Higgs string. The particles in the early universe plasma execute Brownian motion. This motion of the particles is modeled as a two dimensional random walk in the plane of the Abelian Higgs string. The particles move randomly in the space time of the string according to their geodesic equations. We observe that for certain values of their energy and angular momentum, an overdensity of particles is observed close to the string. We find that the string parameters determine the distribution of the particles. We make an estimate of the density fluctuation generated around the string as a function of the deficit angle. Though the thickness of the string is small, the length is large and the overdensity close to the string may have cosmological consequences in the early universe.
Introduction
Cosmic strings are linear topological defects generated in symmetry breaking phase transitions in the early universe due to the Kibble mechanism [1] . Initially, they were very important as they were the only model apart from inflation that could give rise to seed density fluctuations [2] . They subsequently lost their appeal when the data from the Cosmic Microwave Background Radiation (CMBR) experiments favored inflationary density fluctuations [3] . However, lately they have made a comeback. It was found that cosmic strings are generically formed at the end of the inflationary era. New studies have been done to detect these strings. Detailed simulations showing how these strings interact and grow have been performed. While initially the cosmic strings formed during the Grand Unified Theory (GUT) transitions were mostly studied, recently the Abelian Higgs string has also gained prominence. It is often considered the prototypical field theory to study the constraints imposed on the string defects by the recent data from the Cosmic Microwave Background (CMB) [4] . Though density fluctuations from cosmic strings are a subdominant component of structure formation, they do give rise to prominent signatures in position space maps. Recently, various signatures related to cosmic strings have been discussed in the literature, almost all of them relate to density fluctuations from the motion of these strings [5, 6] .
The Abelian Higgs cosmic string was first studied by Nielsen and Olesen [7] . Since then there have been detailed simulations of their growth and their structures [8] . There have also been studies of particle motion in the metric of the cosmic strings. Generally if the strings are infinitely thin, they correspond to a flat conical metric. Geodesics on such metrics are straight lines. Recently, geodesics of particles around an Abelian Higgs strings with a finite core has also been studied [9] . The authors find that bound orbits exist for massive particles for certain string parameters.
As cosmic strings move through the early universe plasma, wakes are generated behind them due to the presence of the deficit angle [10] . Wakes have mostly been studied for an infinitely thin cosmic string, however other simulations have shown that the wakes due to wiggly cosmic strings can give rise to shocks and generate magnetic fields [11] . Wakes are overdensities generated by the motion of the strings. In this work, we suggest that overdensities can also be generated by massive particles becoming trapped close to an Abelian Higgs cosmic string. A single particle moves along the geodesic given by the underlying metric. However, if there are a large number of particles (as it would be in the case of the early universe plasma), the particles would collide with each other and execute a Brownian motion. A Brownian motion on a flat metric will yield no overdensity. But if we replace the flat metric with the metric of the Abelian Higgs model and model the Brownian motion of the massive particles around the Abelian Higgs string; then we find an overdensity of particles close to the string.
In this work we are considering massive particles. In the cosmological scenario, this means baryons, WIMPS and any other massive exotic dark matter particle. In these simulations, we do not specify any particular particle but study the clustering of a collection of massive particles. As we do not consider any interactions between the particles, we model them moving around a static Abelian Higgs string as a random walk problem. We briefly explain why we are using a random walk to model the motion of the particles. Generally, the early universe plasma is a neutral plasma consisting of many particles. Even though these are charged particles, there is negligible electric field in the background plasma. Particles moving in this plasma, randomly collide, with other particles which are also moving in the plasma. The effect of many successive elastic collisions leads to a Brownian motion. This Brownian motion is modeled as a random walk of N particles around a cosmic string where N is taken to be large. As mentioned before in between collisions, the particles move according to their geodesic equations. In flat space time, this means that they move in straight lines. In the case of the Abelian Higgs string the geodesic equations are obtained from the cosmic string metric. The particles only undergo elastic collisions. We change the direction of their velocities but the magnitude of the velocity is kept constant. We give the details of the model in the next section. We find that the particles do start clustering around the string. This means that even for a static string we get some density fluctuations. We find the order of magnitude of the fluctuations as a function of the deficit angle of the string. We find that the clustering depends crucially on the deficit angle. As the deficit angle increases, the particles start clustering closer and closer to the string. However, when it becomes close to 2π, the particles cease to come any closer. Since we are interested in the clustering phenomenon, we study the strings with deficit angle less than 2π. We have included a brief discussion on the simulation results for angles greater than 2π.
In section II we present our model in detail. In section III, we discuss our choice of simulation parameters for the random walk problem. In section IV, we present the results and discuss the cosmological consequences of the density fluctuation. Finally we present our conclusions in section V.
The Model
The Abelian Higgs model has been used as prototypical model to model cosmic strings in the early universe. The Lagrange density for the model can be written as
Here D µ φ is the covariant derivative given by
is the Abelian field strength. φ is a complex scalar field with vacuum expectation value v. Now this Lagrange density allows stable vortex solutions which in 3 -dimensions leads to the Abelian Higgs strings. The gravitational effect of this string is modeled by coupling the Abelian Higgs model minimally to gravity. The action is then given by [9] ,
where R is the Ricci scalar. The cosmic string is cylindrical in shape and the most general line element obeying all the symmetry properties is given by
The factors L(ρ) and N (ρ) are determined by the boundary conditions.They are related to the values of the fields at a distance ρ from the axis of the string (the z axis in this case). The equations of motion for the two fields had been solved for large ρ by Neilson and Olesen. An exact solution was obtained by de Vega et. al. Using the Neilson and Olesen ansatz,
There is a magnetic field along the z-axis and its value too depends on the scalar and the vector potentials. The metric corresponds to a cylindrical metric with a deficit angle. The deficit angle far from the core of the string is proportional to the energy per unit length of the string. If the vacuum expectation value (vev) of the Higgs field is sufficiently large, then the deficit angle can be larger than 2π. These are called super-massive string.
Further, the Lagrangian of the model is usually rescaled and written in terms of two dimensionless constants.
The deficit angle depends upon these two constants. The cosmic string has a finite width with a core of magnetic flux as well as a scalar core. The width of these cores are the inverse of the gauge boson mass and the Higgs mass respectively. The Bogomolny limit occurs when the Higgs mass is equal to the gauge boson mass. This happens for β = 2. For β < 2, ∆ < 4πγ and for β > 2, ∆ > 4πγ. The latter corresponds to the super massive strings. For β = 2, the deficit angle is given by, ∆ = 4πγ (2.7)
Now the particles in the plasma move around and collide randomly against one another. We assume that there are no other forces on the particles in the plasma except the gravitational effect of the Abelian Higgs cosmic string. We do not consider any gravitational attraction between the test particles. The particles move according to their geodesic equations and collide with one another randomly. The collisions are considered to be elastic collisions. The motion of the particles are therefore similar to the Brownian motion of particles in the metric of an Abelian Higgs string. So there is no change in the magnitude of the velocity, only the direction of the particles can change. Hence,we model the diffusion of particles around a cosmic string as a random walk problem. We do not allow particles to overlap and we also confine ourselves to a two-dimensional random walk in the ρ − φ plane of the cosmic string.
We can obtain the geodesic equations in the ρ − φ plane of the cosmic string from the general equation,
where Γ µ ρσ is the Christoffel symbol and τ is the affine parameter. The time like geodesics in this case correspond to the proper time. The geodesic Lagrangian for a massive particle will then be,
The constants of motion are the total energy E given by E = N 2 dt dτ ; the component of the angular momentum along the z axis L z (= L 2 dφ dτ ), and the linear momentum in the z direction (p z = N 2 dz dτ ). Using these constants of motion we can get the geodesic equation in the ρ − φ plane as,
and
As mentioned before the space time of an Abelian Higgs string has a deficit angle. In this paper we have only considered cosmic strings with deficit angle ∆ < 2π. We do not consider the supermassive strings. The deficit angle is implemented in the boundary conditions of the random walk problem. Unlike the flat space, where the value of φ varies between 0 to 2π, in our simulation, the value of φ varies between 0 to (2π − ∆). Generally, the set of geodesic equations for the Abelian Higgs string can be solved numerically for the following boundary conditions,
These come from the requirement of regularity of the origin [12] . Since particles are neither created nor destroyed during the time period of the simulation, we check that the total number of particles are conserved at each time step. Between two collisions, the particles move according to their geodesic equations. The equations are solved numerically using a standard Runge Kutta routine. We initially check the code for a standard random walk in flat space, then we modify the equations of motion and run the code for N particles where N is a large number. In the next section, we discuss the simulation parameters in detail.
Simulation Parameters
We use a random number generator to assign the position of N particles in the ρ − φ plane of the string. The cosmic string is positioned right at the center. We have fixed the horizon size to be much greater than the random walk step size. If d H is the size of the horizon at time t, then the units in our simulation correspond to x, where x = d H /100. The random walk step size is given in these units. Typical random walk steps are less than 0.1x. We have also kept the velocity of the particle flexible. The magnitude of this velocity is given initially and remains fixed through out the simulation. However, the direction is changed randomly after every random walk step or when it collides with another particle. This is done by checking that there are no overlapping particles. We have run the simulation for a large number of particles starting from N = 1000. Our final graphs and results are from N = 10, 000 particles, which are initially distributed between various valuse of ρ and φ varying between 0 to (2π − ∆). ∆ being the deficit angle which we keep as a variable parameter in our simulations. Between collisions or between the change of direction, the particles move according to the geodesic equations obtained in the previous section. We take snapshots after every ten time steps and store the data. The data is then binned in the x-y coordinates. We are interested to see if particles diffusing around an Abelian Higgs string have any tendency of clustering around the string due to the presence of the magnetic and scalar field cores. The strings have a small width but can have a considerable length. The nature of the particle motion is determined by an effective potential in which the particles move. The effective potential is given by [9] ,
Our values of β and γ are chosen such that the effective potential has a well defined minima. The result is that β is always less than two.
Results and Discussion
In this section, we present the results of our simulations. Fig. 1 gives the initial particle distribution for N = 10, 000 particles. After that we have taken snapshots after every 10 timesteps. We find that the particles that were randomly spread around the cosmic string start to move closer to the magnetic core of the string as time goes on. We have done the simulations for different values of the deficit angle. We present here some selected snapshots of the particles at certain intervals to show how the clustering occurs. For figure 1 , we show the intial distribution of N = 10000 particles around a cosmic string with parameters E = 1.083, L 2 z = 0.025, p z = 0.02 and γ = 0.32. Fig. 1 gives the full range plot. However, in the full range plot, it is difficult to discern the clustering effect visually. We therefore focus on a shorter range closer to the cosmic string. The position of the string is right at the middle of the graph. There are fewer particles in the graph and it is easier to visualize the diffusion of the particles towards the string in these plots. fig. 4 is after 500 time steps. We see that the number of particles in this range is increasing. However, around 500 timesteps the simulation reaches an equilibrium distribution. Even though the position of the particles change, the density within a certain range remains the same. Though it appears that particles are moving towards the core of the string, it is difficult to make any quantitative estimates from the scatter plots. Since we would like to make a quantitative estimate of the overdensity generated near the string, we have binned the data in the X -Y plane. Intially we binned the data for a random walk in flat space time with N = 10, 000 particles scattered in the range [−100 : 100]. The binned data showed a Gaussian with a broad peak. This is what we took as the background density ρ 0 . We then binned the data for the case of the Abelian -Higgs string for different values of the deficit angle. The binned data clearly shows an increase in the density near the center of the string.
In fig.5 we show the density distribution around a cosmic string with parameters E = 1.083, L 2 z = 0.025, p z = 0.02 and γ = 0.15. For comparison, we have also plotted the Gaussian we obtained for the case when the cosmic string was not there.
We have varied the parameters of energy E, angular momentum L z , as well as p z , however we find that the clustering is strongly sensitive to the parameter γ. This is expected, as it is this parameter which determines the width of the magnetic core of the string. Since it is the clustering effect we are interested in hence we keep the other parameters constant fig. 6 and fig. 7 we give the density distribution for two different γ values.
As mentioned before, we have denoted the average distribution of the particles in the absence of the string as ρ 0 . We notice from the binned data that the particles distributed about the cosmic string metric with deficit angle ∆ will give different average distribution ρ 1 , ρ 2 , ..... etc for different values of ∆. All the binned distribution are Gaussian, only the peak becomes sharper as the deficit angle is increased. So the average values are obtained by determining the half maxima of the distribution. Now we define δρ as the difference between ρ 0 and the average distributions ρ i where each i corresponds to a different deficit angle. So for any deficit angle, we can calculate, become quite high, we have not considered any non-linear effects. Usually, non-linear effects cause departures from Gaussianity, since the distribution always remains Gaussian, hence we do not consider any non-linear effects at this point. One reason for this may be, we are considering only static strings here. In the future, we plan to look at the accretion of particles around a moving string, and include the non-linear evolution of the density fluctuations.
In fig. 8 , we have kept the γ values between 0.1 − 0.4 since a significant change occurs for γ ≈ 0.45. We find that the particles are repelled from the center and become confined between an annular ring around the string. The histograms therefore show a dip in the center with two symmetrical peaks on either side. For such γ values, the deficit angle is very close to 2π. The nature of the density distribution clearly depends on the deficit angle. The deficit angle is directly related to γ. As γ increases, the deficit angle increases too. The deficit angle is related to the width of the magnetic flux core and the scalar core. From fig.8 , we see that initially, as long as the deficit angle remains between 0 − π, the increase in the overdensity is gradual. But, as the deficit angle increases beyond π, there is a sharper increase in the clustering of the particles. Beyond 2π, no clustering of particles is observed.
Initially, we put boundary conditions such that the total number of particles are conserved. We than removed the boundary condition and allowed the particles to move out of the space, if necessary. For γ < 0.4, our results remained the same but we found that for γ > 0.5, there are no particles left in the vicinity of the string cores after some time steps. This occurs because for γ > 0.5, the deficit angle becomes greater than 2π, hence no Powered by TCPDF (www.tcpdf.org) Figure 8 . Variation of over density with γ. The deficit angle is directly proportional to γ clustering is observed. In fact, the particles in this realm quickly move out of the space close to the string cores.
We have also done the statistical error estimation for the different deficit angles. We find that the average value of δρ ρ 0 generally converges in about 20 to 25 runs for a particular deficit angle. We have obtained the standard deviation, and plotted the error bars for each deficit angle. The error bars would reduce if the number of particles are increased. Finally, we have done a best fit with the data points obtained. Though some of the points diverge from the solid line (best fit line), the line is within their error bars. The maximum size of the error bars are about 0.09 as shown in Fig. 8 .
Our results seem to be consistent with previous work on Abelian Higgs strings. In ref. [9] , where bound geodesics were observed, they found that the nature of the bound orbits depended on the nature of the potential given in equation 3.1. Since both particle trapping and bound orbits depend upon the presence of a minima in the potential, it seems that the clustering of particles would occur for potentials where bound geodesics have been observed. It has been observed that the maximum radius of the bound orbit around an Abelian Higgs string decreases with increasing γ. Fig. 8 in ref. [9] shows that the maximum radius for γ = 0.36 is approximately 2, for γ = 0.42 is approximately 1.5 and for γ = 0.48 is less than 1.5. Beyond γ > 2π, there are no bound orbits. Both these are reflected in our results, we find that the overdensity close to the string increases with an increase in γ and there is no clustering effect observed when γ becomes greater than 2π.
Though Abelian Higgs strings are the simplest model for gauged strings we find that the presence of magnetic and the scalar cores lead to clustering of massive particles around the string. A more cosmologically interesting but challenging model would be the electroweak model which gives us electroweak strings [13] . Our simulations also seem to indicate that the presence of bound orbits around a cosmic string are a strong signal that density fluctuations may be generated in the vicinity of the string. On a larger scale, it may be applicable to other systems where bound geodesics have been observed for massive particles. It would also be interesting to study the collective motion of particles for supermassive strings.
Conclusions
We have modelled particle diffusion in the vicinity of a static cosmic string as a two dimensional random walk problem in the space-time of an Abelian Higgs cosmic string. We find that the particles start clustering around the cosmic string. This means that we get density fluctuations around a stationary cosmic string. We find that the density fluctuations obtained are not too sensitive to the energy or the angular momentum of the particles. The density fluctuations depend on the deficit angle of the space around the cosmic string. Though they are small for small deficit angles, they increase and become of the order of 0.4 − 0.5 for large deficit angles. As the deficit angle increases, the density of particles close to the string increases. This continues till the we reach angles of the order of 1.8π. Beyond this, the particles start moving away from the core of the string. As the deficit angle goes beyond 2π, particles start to diffuse away from the vicinity of the string. So there is no clustering effect observed beyond ∆ = 2π.
Our results are consistent with the conclusions reached previously in ref. [9] . They have studied the geodesics of massive particles around Abelian -Higgs cosmic strings. They had found that the maximal radius of the bound orbits decreases with an increase in the deficit angle. In our case, this translates to the particles being trapped closer and closer to the string. In our case, we do not look at the super-massive strings. Hence, we never go beyond the Bogomolny limit. Since the clustering seems to be correlated to the presence of the bound orbits, it is quite possible that the collective motion of massive particles will give rise to density fluctuations for bound orbits observed in other systems also [14] .
As is well known cosmic strings are not static. Connected strings grow as a network and individual strings move through the plasma. As the strings move, wakes are formed behind them. These wakes have several consequences in the early universe [15] [16] [17] . The structure of these wakes have been studied for infinitely thin cosmic strings and wiggly cosmic strings. The overdensity behind the string is related to the deficit angle subtended by the string. In the case of the Abelian Higgs strings we believe that the wake structure will be modified by the clustering of particles around the string. It is quite possible that more particles will get trapped in the wake of the string and the overdensity will be enhanced. This may have several consequences for phase transitions in the early universe. We plan to address these and other issues in a future work.
